We investigate gauge invariant cosmological perturbations in a spatially flat Friedman-Robertson-Walker universe with scalar fields. It is well known that the evolution equation for the gauge invariant quantities has exact solutions in the long-wavelength limit. We find that these gauge invariant solutions can be obtained by differentiating the background solution with respect to parameters contained in the background system. This method is very useful when we analyze the long-wavelength behavior of cosmological perturbation with multiple scalar fields.
I. INTRODUCTION
The theory of gauge invariant cosmological perturbations [1] [2] [3] is an important tools when we investigate the origin and the evolution of the structure in our universe. In the context of general relativity, the treatment of linear perturbation of any matter field requires great care because these perturbations are in general not gauge invariant. We must evaluate gauge invariant quantities to extract physical meaning.
One of the main application of the gauge invariant perturbation is the theory of inflationary universe, in which the gauge invariant treatment of perturbations is crucial. The inflation predicts that the seed of density fluctuation, which evolves to the structures in our universe, is generated as quantum fluctuation of the inflaton field. The created fluctuations is stretched by deSitter expansion and their wavelength exceeds the Hubble horizon scale.
As the gauge dependence of perturbations becomes conspicuous on super horizon scale, we must use gauge invariant perturbation to handle such a situation. But the derivation of the gauge invariant equation and evaluation of its solution needs tedious calculation in general, especially for the model with multiple scalar fields which is considered in the context of hybrid or extended inflation and scalar-tensor theories.
We here pay attention to the Einstein gravity with minimally coupled scalar fields φ.
As a background space, we assume a flat Friedman-Robertson-Walker(FRW) universe of which dynamical variable is a scale factor a = e α . We use a following gauge invariant combination(Mukhanov's variable) [4] :
where δφ is a perturbation of the scalar field, ϕ is a perturbation of three curvature and H =α is a Hubble parameter. The evolution equation for Q is given bÿ
It is known that this equation has exact solutions in the long-wavelength limit k → 0 [5] :
where c 1 , c 2 are arbitrary constants. Therefore if we can obtain the background solution (α(t), φ(t)), it is possible to predict the behavior of the long-wavelength gauge invariant perturbation without solving the evolution equation of the perturbation.
Our question is why we can have the exact solution for k → 0 (0-mode) gauge invariant perturbation. The 0-mode perturbation is a perturbation of homogeneous mode, it must be contained in a homogeneous background system. So we expect that the evolution equation
for the 0-mode perturbation can be derived by the analysis of the mini-super space model which has no inhomogeneous mode.
In this paper, we aim at clarifying the relation between the gauge invariant 0-mode solution and the background solution. We will show that the evolution equation and the solution of the gauge invariant 0-mode perturbation can be obtained within the perturbation of mini-super space model. In Sec.II, we use one dimensional autonomous system to demonstrate that the perturbed equation and its solution is obtained by differentiating the background solution with respect to parameters contained in the background solution. In
Sec.III, we treat a mini-super space model with scalar fields and derive the 0-mode gauge invariant perturbation equation(Mukhanov's equation) and its solutions. We use HamiltonJacobi method which is used by several authors [6, 7] to derive the evolution equation of the gauge invariant cosmological perturbation. This method does not need to specify any gauge condition during calculation, it is suitable to apply to gauge invariant perturbation. Sec.IV is devoted to summary. We use the unit in which c =h = 8πG = 1 and denote the partial derivative of a function F with respect to a some variable A by F A throughout the paper.
II. TOY MODEL EXAMPLE
As a demonstration, we consider a one dimensional autonomous system with a Hamilto-
Equation of motion isẍ
The solution of this equation is written as x = x(t + t 0 ) where t 0 is an origin of time and an arbitrary constant. The equation for the perturbation is obtained by splitting x = x (0) + δx and linearize with respect to δx:δ
This equation has the same form as the equation ofẋ which is obtained by differentiating the background equation (5) with respect to time variable t:
a solution of the perturbation equation is obtained by differentiating a background solution with respect to the parameter t 0 .
We explain this result more rigorously using Hamilton-Jacobi(H-J) method which is suitable to treat a cosmological model in next section. The H-J equation for a generating function S is
and the evolution equation isẋ
Eq. (7) is solved by S = −Et + W (x)(E is a separation constant):
The solution is
where t 0 is an arbitrary constant. From this we get x = x(t + t 0 ; E) or E = E(x, t + t 0 ). The background solution is specified by the two parameters (t 0 , E) and the perturbed solution is defined by the small change of the constants (t 0 + δt 0 , E + δE).
The generating function is written as S = S (0) + F where S (0) is a background part and F is a perturbed part which consists of quadratic terms of δt 0 and δE. F satisfies
Now we change variables from (x, t) to (τ (x; E), t 0 , E(x, t + t 0 )):
The Eq.(11) becomes
As we are interested in linear perturbation due to the change of the parameters (δt 0 , δE), we replace
. Using a new variable δt ≡ δt 0 + τ E δE and taking into account the quadratic form of F , the H-J equation becomes
From this equation, we get a Hamiltonian for the perturbation variable δt:
where P δt is a conjugate momentum of δt. The equation of motion is
The equation for a variable δx ≡ẋδt = x t 0 δt 0 + x E δE becomes
This is our desired result The two independent solutions are given by
The explicit form of the solution is obtained by differentiating Eq.(10) with respect t 0 and E. Regarding x as a function of (t + t 0 , E) and differentiating Eq.(10) with respect to t 0 and E,
and we have
The perturbed solution is obtained by differentiating the background solution with respect to the parameters which specify the background solution.
III. GAUGE INVARIANT LONG-WAVELENGTH SOLUTION FROM MINI-SUPER SPACE SOLUTION
A. a single scalar field case
We consider a spatially flat FRW model with a scalar field. Dynamical variables are a scale factor a = e α and a scalar field φ. The Hamiltonian for this system is
where N is a lapse function, P α and P φ are conjugate momentum of α and φ, V (φ) is an arbitrary potential for the scalar field. The equations of motion are
The Hamilton-Jacobi equation follows from the Hamiltonian constraint with the canonical conjugate momentum replaced by derivative of a generating function S, P α = ∂S ∂α
The evolution equations areα
The background solution is obtained by assuming
The solution of Eq.(27) has a constant of integration C and the solution can be written H = H(φ; C). By differentiating Eq.(27) with respect to C and using the evolution equation (28) and (29), we have
where D and α 0 are arbitrary constants. From this, we can express α + α 0 as a function of (φ, C):
If we invert this relation, we get φ = φ(α + α 0 , C). α 0 is the origin of the scale factor and C determines the initial value of the scalar field φ. The background solution is characterized by two parameters (α 0 , C) and perturbation is defined by small change of these parameters
We split the generating function into the background and the perturbed part: S =
Change variables from (α, φ) to (α, α 0 , C):
Then the H-J equation (32) becomes
To extract the linear perturbation part, we replace
. Using a new variable R ≡ δα 0 +α C δC and assuming a quadratic form of the generating function F with respect to R, we have
From this, we get a Hamiltonian for the variable R:
where P R is a conjugate momentum of R. The equation of the motion for R becomes
By introducing a new variable Q ≡ φ α R = φ α 0 δα 0 + φ C δC, Q satisfies
This is nothing but a Mukhanov equation for the long-wavelength limit. For 0-mode perturbation, the only gauge freedom is infinitesimal time coordinate transformation t → t + δt.
Then variables transform as δα → δα +αδt, δφ → δφ +φδt. A possible gauge invariant combination of these variables is δα − (α/φ)δφ and this has a meaning of perturbation of 3 curvature in co-moving gauge (intrinsic curvature perturbation). In our calculation, we usẽ α as a time parameter and this is equivalent to using co-moving gauge. Therefore the variable R is the gauge invariant intrinsic curvature perturbation or the Bardeen's parameter in the long-wavelength limit.
The two independent solutions are given by
The explicit form of these solutions can be obtained using Eq.(27), (28), (29). Assuming that the lapse N is a function of the scalar field φ, we have
Regarding φ as a function of (t + t 0 , C) and differentiating the both side of this equation with respect to t 0 and C,
Choosing the scale factor as a time parameter(t ≡ α, N ≡ 1/H),
We therefore obtained the gauge invariant 0-mode solution by differentiating the background solution with respect to two parameters α 0 and C.
B. two scalar fields case
We consider a flat FRW universe with two scalar fields φ 1 and φ 2 . The Hamilton-Jacobi equation is
The background solution is obtained by
The solution of Eq.(45) has two constants of integration C 1 , C 2 and can be written H = H(φ 1 , φ 2 , C 1 , C 2 ). By differentiating the H-J equation (45) with respect to these constants and using the evolution equation (46) and (47), it can be shown
where D 1 , D 2 are constants. Let us define new constants α 0 and f by
From this we have
α 0 is the origin of scale factor. If C 1 , C 2 are fixed, f determines trajectories in configuration space (φ 1 , φ 2 ). We split the generating function into the background and the perturbed part:
Change variables from (φ 1 , φ 2 , α) to (α, α 0 , C 1 , f, C 2 ):
The H-J equation becomes
To extract a linear perturbation part, we replace
. Using a new variable R ≡ δα 0 +α C1 δC 1 +α C2 δC 2 and assuming a quadratic form of F with respect to R and δf , we have
Define 2 × 2 matriceŝ
We get a Hamiltonian for the perturbation variables (R, δf ):
where P R and P δf are conjugate momentum of R and δf , respectively. The evolution equation becomes
Introducing a new variable
Q satisfies
whereM is a 2 × 2 matrix defined by
This is the Mukhanov equation for two scalar field system in the long-wavelength limit [8] .
The four independent solutions of this equation are
These solutions can be written in another form: 
In two scalar field case, usingα as a time parameter means
From the relationα
we have δα = iφi δφ i = 0. So usingα as a time parameter is equivalent to using comoving gauge and the variable R is the gauge invariant intrinsic curvature perturbation in the long-wavelength limit.
We can rewrite the expression of R using Eq.(70):
This gives a relation between the curvature perturbation R which corresponds to the Bardeen's parameter ζ and the Mukhanov's variable Q 1 , Q 2 in the long-wavelength limit.
Q 1 , Q 2 are given by Eq.(67) which is written by using background solution. The important point is that we have not assumed any approximation to derive the long-wavelength solution.
We can get the gauge invariant gravitational potential Φ by considering perturbation of the evolution equation (46):
In longitudinal gauge, δN = −δα ≡ Φ and Q i = δφ i + (φ i /H)Φ. The above equation
The curvature perturbation R can be written using Φ:
Therefore we have
where α 0 , f are constants of integration. By differentiating the above solution with respect to the parameter f , we have
Substituting these solutions to the expression of R (77), we have
The gauge invariant gravitational potential is
Case 2:
. By integrating the evolution equation (78), we have
where α 0 , f are constants of integration. By differentiating the above equations with respect to f , we have
The gauge invariant gravitational potential is The most important feature of our 0-mode solution is it does not rely on the slow roll approximation which is usually assumed to analyze the perturbation in the multi-field inflationary model [10] [11] [12] [13] . As an application, a model of reheating after inflation was considered [9] . The system consists of a oscillating inflaton field and a massless scalar field which interacts with the inflaton. By using the approximation which can include non-linear effect, we obtained background solution and the behavior of the long-wavelength curvature perturbation was obtained using the method presented in this paper.
As a straightforward extension, it is possible to treat spatially closed and open FRW universe and anisotropic Kasner type universe. Instead of scalar fields, perfect fluid can be included. These subjects are left as a future exercise.
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